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The scaling behavior over four decades of the ratio of temperature T to magnetic field B
observed in the magnetization in β-YbAlB4 is theoretically examined. By developing a the-
oretical framework that exhibits the quantum critical phenomena of Yb-valence fluctuations
under a magnetic field, we show that the T/B-scaling behavior can appear near the quan-
tum critical point of the valence transition. The emergence of the T/B scaling indicates the
presence of the small characteristic energy scale of critical Yb-valence fluctuations. It is ar-
gued that the quantum valence criticality offers a unified explanation for the unconventional
quantum criticality as well as the T/B scaling in β-YbAlB4.
Quantum critical phenomena in itinerant electron systems that do not follow the conven-
tional spin-fluctuation theory1–4) have attracted attention in condensed matter physics.5) The
heavy-electron metal β-YbAlB4 has recently attracted great interest since the unconventional
quantum criticality, such as the magnetic susceptibility χ ∼ T−0.5, the electronic specific-heat
coefficient Ce/T ∼ − log T , and approximately T -linear resistivity, has been observed at low
temperatures at least below 3 K down to a few hundred mK.6, 7)
Interestingly, from the magnetization data for T <∼ 3 K and the magnetic field B <∼ 2 T,
in β-YbAlB4 it has been discovered that the magnetic susceptibility χ shows the following
T/B scaling behavior over four decades of T/B:
χ−1 = (µBB)1/2ϕ
(
kBT
µBB
)
, (1)
where µB and kB are the Bohr magneton and Boltzmann constant, respectively, and ϕ is the
function ϕ(x) = Λ(Γ2 + x2)1/4 with Λ and Γ being constants.7) Namely, χ−1/(µBB)1/2 is ex-
pressed as a single scaling function of the ratio T/B.
This striking behavior of Eq. (1) calls for theoretical explanation, and it has so far been
proposed that anisotropic hybridization between f and conduction electrons is the key origin
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of the emergence of T/B scaling.8) However, this theory requires an assumption that the
renormalized f level is pinned at the hybridized band edge, and it also seems unclear whether
the unconventional criticality observed in Ce/T and the resistivity can be explained by the
anisotropic hybridization.
Recently, it has been shown theoretically that a new type of quantum criticality emerges
near the quantum critical point (QCP) of the first-order valence transition in Yb- and Ce-
based heavy-electron systems.9) Critical valence fluctuations of Yb or Ce cause the quantum
criticality in physical quantities such as χ, Ce/T , resistivity, and the NMR/NQR relaxation
rate (T1T )−1, which give a unified explanation for the measured unconventional criticality in
β-YbAlB4.9, 10) Hence, it is interesting to examine whether the critical Yb-valence fluctuation
can account for the T/B scaling observed in β-YbAlB4.
In this Letter, we show that the T/B scaling can be understood from the viewpoint of the
quantum valence criticality. By developing a theoretical framework for the quantum critical
phenomena of Yb-valence fluctuations under a magnetic field, we show that the T/B scaling
emerges near the QCP of the valence transition. We demonstrate that the emergence of the
T/B scaling is a hallmark of the presence of the small characteristic energy scale of the critical
Yb-valence fluctuations.
We employ the theoretical framework developed in Ref. 9, whose formulation is extended
so as to describe the effect of a magnetic field. Hereafter, we take the energy units of kB = 1,
~ = 1, and µB = 1 unless otherwise noted. We consider the simplest minimal model
H = HPAM + HUfc + HZeeman (2)
as the starting Hamiltonian, where HPAM =
∑
kσ εkc
†
kσckσ+εf
∑
iσ n
f
iσ+
∑
kσ
(
Vk f †kσckσ + h.c.
)
+
U
∑
i n
f
i↑n
f
i↓, HUfc =
∑
iσσ′ n
f
iσn
c
iσ′ , and the Zeeman term HZeeman = −h
∑
i S fzi with naiσ ≡ a†iσaiσ
for a = f or c and S fzi ≡ 12(nfi↑ − nfi↓) in the standard notation.
To discuss the quantum critical phenomena of Yb- (and Ce-) valence fluctuations, first
we take into account the local correlation effect by the U term, which is the strongest inter-
action in Eq. (2) responsible for the realization of the heavy-electron state. Then perturbative
expansion with respect to the Ufc term is performed. To perform the procedure, we employ
the slave-boson large-N expansion method.11) Here we set the orbital degeneracy N = 2 to
discuss β-YbAlB4, where the Kramers-doublet ground state is realized. Hence, σ =↑, ↓ in
Eq. (2) should be regarded as the effective “spin” index that specifies the Kramers doublet.
The slave-boson operator bi is introduced to eliminate the doubly occupied state for U → ∞
under the constraint ∑σ nfiσ + 2b†i bi = 1. The Lagrangian is written as L = L0 +L′, where L0
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is the Lagrangian for HPAM +HZeeman with the term −
∑
i λi
(∑
σ n
f
iσ + 2b
†
i bi − 1
)
with λi being
the Lagrange multiplier and L′ is the Lagrangian for HUfc (see Ref. 9 for detail).
For exp(−S 0) with the action S 0 =
∫ β
0 dτL0(τ), the saddle-point solution is obtained via
the stationary condition δS 0 = 0 by approximating spatially uniform and time-independent
solutions, i.e., λq = λδq and bq = bδq. The solution is obtained by solving the mean-field
equations ∂S 0/∂λ = 0 and ∂S 0/∂b = 0 self-consistently.
For exp(−S ′) with the action S ′ =
∫ β
0 dτL′(τ), we introduce
the identity applied by a Stratonovich-Hubbard transformation e−S ′ =∫
Dϕ exp
[∑
iσ
∫ β
0 dτ
{
−Ufc2 ϕiσ(τ)2 + iUfc√2 (ciσ f
†
iσ − fiσc†iσ)ϕiσ(τ)
}]
. The partition function
is expressed as Z =
∫
Dϕ exp(−S [ϕ]) with S = S 0 + S ′. By performing Grassmann number
integrations for cc† and f f †, we obtain Z = ∫ Dϕ exp(−S [ϕ]) with
S [ϕ] =
∑
σ
12
∑
q¯
Ω2σ(q¯)ϕσ(q¯)ϕσ(−q¯) +
∑
q¯1 ,q¯2,q¯3
Ω3σ(q¯1, q¯2, q¯3)
×ϕσ(q¯1)ϕσ(q¯2)ϕσ(q¯3)δ

3∑
i=1
q¯i
 +
∑
q¯1,q¯2,q¯3,q¯4
Ω4σ(q¯1, q¯2, q¯3, q¯4)
×ϕσ(q¯1)ϕσ(q¯2)ϕσ(q¯3)ϕσ(q¯4)δ

4∑
i=1
q¯i
 + · · ·
 , (3)
where the abbreviation q¯ ≡ (q, iωl) with ωl = 2lpiT is used. Since the long wavelength around
q = 0 and the low-frequency regions play dominant roles in the critical phenomena, Ωiσ for
i = 2, 3, and 4 are expanded for q and ωl around (0, 0): Ω2σ(q, iωl) ≈ η0σ + Aσq2 + Cσ |ωl |q ,
where η0σ = Ufc
[
1 − Ufc
{
χffcc0σ (0, 0) − χcfcf0σ (0, 0)
}]
. Here χαβγδ0σ (q, iωl) = − TNs
∑
k,n G
αβ
k+qσ(iεn +
iωl)Gγδkσ(iεn), where Gffkσ(iεn) = 1/[iεn−ε¯fσ− ¯V2k/(iεn−ε¯kσ)], Gcckσ(iεn) = 1/[iεn−ε¯kσ− ¯V2k/(iεn−
ε¯fσ)], and Gcfkσ(iεn) = ¯Vk/[(iεn − ε¯fσ)(iεn − ε¯kσ) − ¯V2k] with εn = (2n + 1)piT . Here, ε¯kσ, ε¯fσ,
and ¯Vk are defined as ε¯kσ ≡ εk+ Ufc2 , ε¯fσ ≡ εf + Ufc2 + λ√Ns −P(σ)
h
2 , and ¯Vk ≡ Vkb√Ns , respectively,
with P(↑) ≡ +1 and P(↓) ≡ −1. Since χffcc0σ (0, 0) ≫ χcfcf0σ (0, 0), as shown in Ref. 9, hereafter
we use the approximated form η0σ ≈ Ufc
[
1 − Ufcχffcc0σ (0, 0)
]
for simplicity of calculation. For
Ω3σ and Ω4σ, expansion up to the zeroth order is performed as Ω3σ(q¯1, q¯2, q¯3) ≈ v3σ/
√
βNs
and Ω4σ(q¯1, q¯2, q¯3, q¯4) ≈ v4σ/(βNs), respectively. The mode-coupling constant v4σ is derived
as
v4σ =
U4fc
4
 TNs
∑
n
∑
k
Gcfkσ(iεn)2Gcckσ(iεn)Gffkσ(iεn)
+
T
2Ns
∑
n
∑
k
Gcckσ(iεn)2Gffkσ(iεn)2
 , (4)
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(a) (b)
Fig. 1. Feynman diagrams for the (a) first term and (b) second term in the mode-coupling constant v4σ given
by Eq. (4). The solid and dashed lines with an arrow represent f and conduction-electron Green functions
Gffkσ(iεn) and Gcckσ(iεn), respectively. The half-dashed and solid line with an arrow represents the off-diagonal
Green function Gcfkσ(iεn). The wiggly line represents critical valence fluctuations.
where the first and second terms are expressed by a Feynman diagram in Figs. 1(a) and 1(b),
respectively.
Since renormalization-group analysis has shown that higher order terms vi (i ≥ 3) are
irrelevant for the d = 3 spatial dimension,9) we construct the action for the Gaussian fixed
point. Taking account of the mode-coupling effects up to the 4th order in S [ϕ] in Eq. (3), we
employ Feynman’s inequality for the free energy:12) F ≤ Feff + T 〈S − S eff〉eff ≡ ˜F(η), where
S eff is the effective action for the best Gaussian, S eff[ϕ] = 12
∑
σ
∑
q,l χvσ(q, iωl)−1|ϕσ(q, iωl)|2.
Here, χvσ(q, iωl) is the valence susceptibility defined as
χvσ(q, iωl)−1 ≈ η + Aσq2 +Cσ |ωl|q , (5)
where the notation follows in Ref. 9. Under the optimal condition d ˜F(η)dη = 0, the self-consistent
renormalization (SCR) equation under a magnetic field in the Aσq2B <∼ η regime is obtained:
∑
σ
Aσq4Bσ
T0σ
T 2Aσ
(
1 +
v4σq3Bσ
pi2
T0σ
T 2Aσ
)
×
y0σ − y˜σ + 32y1σtσ

x3c
6y˜σ
− 1
2y˜σ
∫ xc
0
x3
x + tσ6y˜σ
dx


×
C2σ +
x3c
3
tσ
y˜2σ
∫ xc
0
x4(
x + tσ6y˜σ
)2 dx
 = 0, (6)
where y˜σ = y AAσ
(
qB
qBσ
)2
, tσ = TT0σ , T0σ =
Aσq3Bσ
2piCσ , and TAσ =
Aq2Bσ
2 with qBσ being the Brillouin
zone for “spin” σ. Note that A, C, and qB are the zero-field values of Aσ, Cσ, and qBσ,
respectively. Here, y is defined as y ≡ ηAq2B , and the dimensionless integral variable and its
cutoff are defined as x ≡ q/qB and xc ≡ qc/qB, respectively. The parameters y0σ and y1σ are
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given by
y0σ =
η0σ
Aσq2Bσ
+ v4σ
T0σ
T 2Aσ
q3Bσ
pi2
C1σ
1 + v4σ T0σT 2Aσ
q3Bσ
pi2
C2σ
, (7)
y1σ =
v4σ
T0σ
T 2Aσ
4q3Bσ
3pi2
1 + v4σ T0σT 2Aσ
q3Bσ
pi2
C2σ
, (8)
respectively, where C1σ and C2σ are constants given by C1σ =
∫ xc
0 dxx
3 ln
∣∣∣∣ (Aσq2Bσx3)2+(Cσωc/qBσ)2(Aσq2Bσx3)2
∣∣∣∣
and C2σ = 2(Cσωc)2
∫ xc
0 dx
x
(Aσq3Bσx3)2+(Cσωc)2
, respectively.
Note that in the zero-field case, h = 0, Eq. (6) is reduced to the simple form
y = y0 +
3
2
y1t

x3c
6y −
1
2y
∫ xc
0
x3
x + t6y
dx
 (9)
with y0 = y0σ, y1 = y1σ, and t = T/T0, where T0 =
Aq3B
2piC , which reproduces Eq. (6) in Ref. 9.
It is noted that at the QCP of the valence transition, the magnetic susceptibility diverges,
whose singularity is the same as the valence susceptibility χ ∝ χv(0, 0) ∝ y−1 since the main
contribution to χ and χv comes from the common many-body effects caused by Ufc, which
can be expressed by the common Feynman diagrams near the QCP.9)
In this Letter, we demonstrate that the T/B scaling behavior appears when the character-
istic temperature of critical valence fluctuations T0 is smaller than (or at least comparable to)
the measured lowest temperature. Hence, we here set the coefficient Aσ in Eq. (5) as a small
input parameter to discuss the effect of a small T0 on physical quantities. The procedure of our
calculation is summarized as follows. First, we solve the saddle-point solution for exp(−S 0)
at T = 0 for given parameters of εf, Vk, U = ∞, and h at the filling n ≡ 12Ns
∑
iσ〈nfiσ + nciσ〉 by
using the slave-boson mean-field theory. Second, we calculate χffcc0σ (0, 0) and the [. . . ] part in
Eq. (4) by using the saddle-point solution. Then we obtain η0σ and v4σ for a given Ufc. Third,
by using y0σ and y1σ obtained from Eqs. (7) and (8), respectively, we solve the valence SCR
equation [Eq. (6)] and finally obtain y(t).
We note that the crystalline electronic field (CEF) ground state of β-YbAlB4 has been
suggested to be the Kramers doublet, which is well separated from the excited CEF lev-
els.6, 13) Since the analysis of the CEF-level scheme, which well reproduces the anisotropy
of the magnetic susceptibility, deduces that a hybridization node exists along the c-axis in
β-YbAlB4,13–15) we employ the anisotropic hybridization in the form of Vk = V(1 − ˆk2z ) with
ˆk ≡ k/|k| to simulate β-YbAlB4 most simply.
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For evaluation of the saddle-point solution, we employ the typical parameter set for
heavy-electron systems: D = 1, V = 0.65, and U = ∞ at the filling n = 0.8. Here, D is
the half bandwidth of conduction electrons given by εk = k2/(2m0)−D, which is taken as the
energy unit. The mass m0 is set such that the integration from −D to D of the density of states
of conduction electrons per “spin” and site is equal to 1.
Following the argument in Ref. 9, we discuss the general property at the QCP of the
valence transition by defining it as the point with the solution of Eq. (6) y being zero at
T = 0, which is identified to be (εf ,Ufc) = (−0.7, 0.700328652) for A = 5 × 10−6 at h = 0.
This Ufc is larger than URPAfc ≡ 1/χffcc0 (0, 0) = 0.62404 for εf = −0.7, which reflects the mode-
coupling effect of critical valence fluctuations. Namely, a positive v4σ overcomes a negative
η0σ for Ufc > URPAfc [see Eq. (7)], giving rise to 0.700328652 > URPAfc .
It is noted that here we set a rather large c-f hybridization strength V to simulate β-YbAlB4
with a large fundamental characteristic energy scale ≈ 200 K.6) Actually, the characteristic
energy for heavy electrons, which is defined as the Kondo temperature TK ≡ ε¯f −µ within the
saddle-point solution for exp(−S 0), is estimated to be TK = 0.02437.
To examine the magnetic-field dependence of y(t) at the QCP, we solve the valence SCR
equation [Eq. (6)] for Ufc = 0.700328652. To make a comparison with experiments where
a magnetic field from the order of B = 10−4 T to B = 2 T is applied, we apply a magnetic
field ranging from h = 10−8 to h = 10−4.16) Here we note that the energy unit of our theory is
the conduction bandwidth D = 1, which is of the order of 104 T (≈ 104 K). To compare with
experiments measured in the temperature range from the order of T = 10−2 K to T = 3 K, we
solve the valence SCR equation [Eq. (6)] for 6 × 10−6 ≤ T ≤ 3 × 10−4. As noted above, A is
set as A = 5 × 10−6, which gives T0 = 3 × 10−6, slightly smaller than the lowest temperature
but of the same order. Owing to the smallness of Aσ, hereafter we neglect its field dependence
and set A = Aσ for h , 0.
The results are shown in Fig. 2. Intriguingly, we find that all the data over four decades of
the magnetic field fall down to a single scaling function of the ratio T/h:
y = h1/2ϕ
(T
h
)
. (10)
The least-squares fit of the scaling function ϕ(x) = ax1/2 to the data for 101 ≤ T/h ≤ 104
shows that the data are well fitted by the dashed line in Fig. 2. Namely, y/h1/2 ≈ a(T/h)1/2,
i.e., y ≈ T 1/2. This implies that the quantum criticality of Yb-valence fluctuations is domi-
nant, giving rise to the non-Fermi liquid regime.9) This behavior coincides with the measured
scaling function Eq. (1) for x = T/h ≫ Γ. It is noted that as x decreases the data tend to
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10-1 100 101 102 103 104
102
103
104
T/h
y/
h
1
/2
10-810-710-610-510-4
10-5
10-4
h
T
Fig. 2. (Color online) Scaling of the data for T ≤ 3×10−4 and h ≤ 10−4. The inset shows the T -h range where
the scaling applies. The dashed line represents the fitting function a(T/h)1/2. The data were obtained by solving
the valence SCR equation [Eq. (6)] for D = 1, V = 0.65, εf = −0.7, U = ∞, and Ufc = 0.700328652 at n = 0.8.
deviate from ax1/2, i.e., there is a tendency of upward deviation from the dashed line toward
x = T/h ≪ 1 in the smaller T/h region than that shown in Fig. 2. This reflects the suppression
of the valence susceptibility by applying the magnetic field. Namely, as x = T/h decreases,
the crossover from the non-Fermi-liquid regime with the quantum valence criticality to the
Fermi liquid regime with suppressed valence fluctuation occurs. As noted above, the uniform
magnetic susceptibility χ has the same temperature dependence as the valence susceptibility
χ ∝ χv(0, 0) ∝ y−1.9) This indicates that general tendency of the T/B scaling observed in
the magnetization data of β-YbAlB4 can be reproduced by the solutions of the valence SCR
equation [Eq. (6)] under a magnetic field.
To analyze how the T/h scaling behavior appears in the present theoretical framework,
let us rewrite the valence SCR equation [Eq. (6)] with the scaled form of y/t1/2 and t/h:
∑
σ
Aσq4Bσ
T0σ
T 2Aσ
(
1 +
v4σq3Bσ
pi2
T0σ
T 2Aσ
) [( y0σ
h1/2
)
−
( y˜σ
h1/2
)
+
3
2
y1σ
( tσ
h
)

x3c
6
(
y˜σ
h1/2
) − 1
2
(
y˜σ
h1/2
)
∫ xc
0
x3
x + h1/2 (
tσ
h )
6
(
y˜σ
h1/2
)
dx


×

C2σ +
x3c
3
(
tσ
h
)
(
y˜σ
h1/2
)2
∫ xc
0
x4x + h1/2 (
tσ
h )
6
(
y˜σ
h1/2
)

2 dx

= 0. (11)
We see that most terms can be expressed in the form of y/h1/2 and t/h, except for the term
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with the x-integration in each square bracket [ ]. Namely, extra h1/2 factors appear in the de-
nominators of the integrands. This implies that the T/h scaling does not hold exactly. From
Eq. (11), however, it turns out that in the case of tσ/y˜σ ≫ 1, the denominators of the inte-
grands become large, which make the x-integrations negligibly small. We confirmed that this
is the case when T0 is below (or at least comparable to) the measured lowest temperature.
In the present calculation, we set T0 = 3.0 × 10−6 and the lowest temperature for the data in
Fig. 2 is T = 6.0 × 10−6, i.e., T0 is a few times smaller than the lowest temperature. Note that
T0 is the same order as the lowest temperature.
From these results, the T/B scaling observed in β-YbAlB4 suggests that a small char-
acteristic temperature of critical valence fluctuations T0 exists. Since the measured lowest
temperature is on the order of 10−2 K in β-YbAlB4, T0 is considered to be of the same order
or smaller.
As shown in Ref. 9, because of the strong local-correlation effect by U ≫ D, an almost
dispersionless critical valence-fluctuation mode appears, giving rise to the extremely small
q2-coefficient A in the momentum space. This almost flat mode is reflected in the emergence
of the extremely small characteristic temperature T0. Owing to the extremely small T0, the
temperature at the low-T measurement can be regarded as a “high” temperature in the scaled
temperature t = T/T0 >∼ 1, where unconventional quantum criticality emerges in physical
quantities such as χ, (T1T )−1, Ce/T , and resistivity, which well account for the behavior of
β-YbAlB4.9) Our results show that observation of the T/B scaling indicates the presence of
the small characteristic temperature T0. In other words, quantum valence criticality gives a
unified explanation for the unconventional criticality in physical quantities as well as the T/B
scaling in β-YbAlB4.
To verify the existence of such a small T0 experimentally, the measurement of the dy-
namical valence susceptibility χv(q, ω) is desirable as a direct observation. Mo¨ssbauer mea-
surement and ESR measurement also seem to be possible probes to detect T0,19, 20) which are
interesting future studies.
Although Eq. (1) shows that χ ≈ (µBB)−1/2 for x = kBTµBB ≪ Γ, it should be noted that a very
narrow range of experimental data is used to derive this limiting behavior: A large magnetic
field of B = 2 T and intermediate temperatures of 0.2 K ≤ T ≤ 0.5 K (but not the lowest
temperature) are used.7) Namely, the scaling form in the x ≪ Γ regime is an outcome of the
transient behavior of the magnetization, where χ is greatly suppressed to be almost constant
around B = 1− 2 T.7) Furthermore, we should be careful about the fact that the whole scaling
range of 10−1 ≤ T/B ≤ 103 is not covered by a series of experimental data as a function
8/12
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of T for a fixed B. From these circumstances, it seems to be appropriate to consider that
χ−1/(µBB)1/2 ≈ ( kBTµBB )1/2 for the x =
kBT
µBB
≫ Γ regime in Eq. (1), derived from the experimental
data for the wide T and B range is a substantial scaling function.
Theoretically, as shown in Ref. 21, the location of the QCP in the ground-state phase
diagram in the εf-Ufc plane is moved by applying h. If the system is located in the vicinity of
the QCP at h = 0, applying h moves the system away from the QCP, which causes the marked
suppression of χ at large h. In this Letter, we discussed the h-dependence of χ through the
h-dependence of η0σ and v4σ with the QCP being unmoved for simplicity of analysis. Taking
account of this effect is expected to make the crossover T/h between the Fermi liquid and
non-Fermi liquid regimes shift to the larger-T/h direction in Fig. 2, which is an interesting
future study for quantitative analysis.
We note that in the present theory the key origin of the emergence of the T/B scaling is not
the anisotropic hybridization but the quantum valence criticality. In the present calculation,
the renormalized f level is not located at the band edge as expected in the general (and natural)
situation for heavy-electron state. Namely, in our framework, even without the pinning of the
f-level, i.e., the fine tuning of the f-level position, the T/B scaling behavior can emerge, which
is in sharp contrast to Ref. 8.
We also note that the T/B scaling does not hold exactly as discussed below Eq. (11). When
T0 is comparable to the middle-T range applied to the scaling plot of the data, the deviation
from the single scaling function shown in Fig. 2 becomes visible. As shown in Ref. 9, the
valence susceptibility, i.e., the magnetic susceptibility behaves as y−1 ∼ t−1/2 for t >∼ 1 and
y−1 ∼ t−2/3 for TK/T0 > t ≫ 1. At sufficiently high temperatures, T ≫ TK, the Curie-Weiss
behavior y−1 ∼ t−1 appears. Hence, we stress that the emergence of the T/B scaling is an
approximate outcome for the intermediate-temperature region which satisfies tσ/y˜σ ≫ 1 as
explained above.
In summary, we have shown that the T/B scaling together with the unconventional quan-
tum criticality observed in β-YbAlB4 can be understood from the viewpoint of the quantum
valence criticality in a unified way.
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